Due to its computational efficiency, high-order finite difference (FD) method is attractive, but the difficulty of treating boundary hampers the practical application in complex flow simulation. In this work, we propose a novel high-order FD scheme based on discontinuous Galerkin (DG) boundary treatment (FDbDG) where a DG method based on variational principle is applied to provide the flow properties in the vicinity of the boundary with desirable derivative information in time. In order to carefully combine the finite element and finite difference, Hermite weighted essentially non-oscillatory (HWENO) interpolation is adopted to build the HWENO flux for interior FD scheme and HWENO reconstruction is used to construct the degrees of freedom in the DG flux for boundary variational method. Several typical test cases are selected to evaluate the treatment for FD boundary. Numerical results show the proposed FDbDG method can reach arbitrary order of accuracy including boundary region with non-essentially oscillations.
Introduction
Recently, high-order numerical methods (third-order and above) with low numerical diffusion and dispersion errors have been widely developed and applied to resolve complex fluid structures in a variety of applications. Finite difference (FD) type schemes, adopted to resolve the conservation laws in differential form with one degree of freedom (DOF) in each cell, are generally considered as highly efficient and easily achieve high-order accuracy. Furthermore, FD type schemes designed on simpler uniform structured mesh can obtain high parallel efficiency on a large-scale computer. Above features make high-order FD method still very attractive.
Unfortunately, a high-order FD regime suffers several major challenges in resolving conservation laws on complex geometry.
Interpolation of high-order accuracy suffers oscillations near a discontinuity called Gibbs phenomena. A lot of research work has been done to eliminate oscillations. The Essentially Non-Oscillatory (ENO) idea was firstly proposed [1] to enhance stability. In [2] [3] [4] , the Weighted ENO (WENO) schemes was developed, using a convex combination of all candidate stencils instead of just one as in the original ENO, to obtain higher order accuracy. In [5] [6] [7] , a more compact Hermite WENO (HWENO) idea was proposed and employed in FD type schemes. The HWENO schemes adopted smaller stencils to obtain high-order accuracy. Nonlinear weighted compact (WCNS) methods based on compact high-order nonlinear schemes were introduced in [8] [9] [10] and also showed good performance for discontinuity capture.
Lack of abundant derivative information near the boundary causes difficulty in obtaining uniform high-order accuracy for problems involving complex geometry.
There have been many successful numerical methods to address the challenge. One indirect approach is the immersed boundary (IB) method, which was introduced in [11] . IB method used a forcing function on physical boundaries to make a modification of origin partial differential equations. The method had been widely used to solve incompressible flows and fluid-structure problems on moving geometries. One can refer to the survey article [12] for more details. Usually, a direct approach is to obtain the values at several ghost points near the boundary by extrapolation. In fact, the key is that the boundary conditions imposed on physical boundaries are short of abundant derivative information to obtain high-order accuracy. A second order accurate embedded boundary method for the wave equation was developed in [13] [14] [15] . The idea was extended to solve conservation laws where slope limiters were adopted to avoid oscillations in [16] . Of course, for outflow boundary, the extrapolation can meet the upwind and physical principles, and the WENO extrapolation may be adopted to acquire higher order accuracy with enhanced stability. However, it can cause instability when used on an inflow boundary, solid wall boundary, etc., where the more abundant information should be imposed on physical boundary. Huang et al. developed a Lax-Wendroff (LW) type boundary condition for a third-order finite difference method in [17] . Recently, an inverse Lax-Wendroff (ILW) technique was developed by using the idea for time dependent problems in [18] . The main idea is to convert time derivatives and tangential derivatives to normal derivatives by repeatedly using the PDEs on the inflow boundary and to get the derivative information and derive ghost point values by Taylor expansion. WENO type extrapolation was adopted to handle the strong discontinuities to prevent the undershoot and overshoot. However, the algebra of the ILW procedure was very heavy for two-dimensional equations to obtain high order spatial derivatives. In [19] , higher order spatial derivatives (≥ 3) were still simply obtained by the extrapolation. See [20] for more details. The technique was extended to solve the convection-diffusion equations in [21] .
In fact, if the derivative information imposed on the boundary can be obtained in time, FD method can achieve arbitrary high-order accuracy. In this work, to address the above challenges in the FD regime, we consider that DG method can handle complex geometries through a compact stencil. Furthermore, DG method based on variational principle can provide all the necessary derivative information near the boundary in time. In order to maximize the advantages of DG type method and FD type method, we employ DG discretization based on variational principle in only one layer of boundary background cells. This leads to a FD method based on DG boundary treatment (FDbDG). Especially, we emphasize that only one layer of boundary background cells are theoretically needed to compute the point values and necessary derivatives, but the boundary cells need to be extended to no more than two layers for complex curve geometric boundary to get the required values at the center of the boundary cell. The key points are how to construct DG numerical flux for boundary DG treatment and how to perform the highorder numerical flux for FD method. We decompose the computational domain into the "Internal cell domain" denoted as Ω I and the "Boundary cell domain" denoted as Γ B including no more than two layers of boundary cells. Two types of numerical fluxes are reconstructed at the coupling interface which are HWENO fluxes at the coupling and adjacent interfaces and DG fluxes at the coupling interface. DG method based on the variational principle can get the polynomial approximation solution to provide the point values and derivative values of high-order accuracy for Hermite interpolation in the interior FD domain. HWENO interpolation is adopted to build the HWENO flux for interior FD scheme and HWENO reconstruction is used to construct DOFs in the DG flux for boundary DG method. The HWENO approach enhances the nonlinear stability when discontinuity lies near the boundary. A special treatment is to choose the unique numerical flux (HWENO or DG) at the coupling interface when possible discontinuities pass through the interface. In this paper, although WENO-FD method is employed in Ω I to preserve essentially non-oscillatory property, DG boundary treatment is not limited for any FD schemes. All the boundary conditions are imposed in Γ B where only ghost state is needed for DG method rather than several ghost cells beyond the boundary for a traditional high-order FD scheme. The DG boundary method is adopted to provide the desirable derivative information to obtain uniform high-order accuracy with the ability of handling the complex geometry.
It should be mentioned that in our previous work [22] [23] [24] , a multi-domain hybrid DG/WNEO-FD method was introduced. The main idea was to couple the high efficiency of FD type methods and the capability of handling complex geometries of RKDG methods [25] [26] [27] [28] . The idea of WENO interpolation was adopted to construct two type numerical fluxes including WENO flux and DG flux at the coupling interface. It was verified that the DG/WENO-FD method saved computational cost in comparison to the traditional RKDG method. However, the WENO interpolation was performed in a rela-tively wide stencil where RKDG spatial discretization needed to be employed in at least three layers of cells around the boundary.
The remainder of the paper is organized as follows, we give a detailed description of the high-order finite difference scheme based on DG boundary treatment which includes HWENO flux and DG flux construction approach for hybrid DG boundary treatment in Section 2. We extend the method for one-dimensional and two-dimensional Euler equations in Section 3 and Section 4, respectively. In Section 5, numerical experiments are used to show accuracy and robustness of the proposed method. Finally, conclusions and discussions are given in Section 6.
High-order FD scheme based on DG boundary treatment
In this section, we present the methodology to design a hybrid boundary treatment for high-order FD scheme. To best illustrate the idea, WENO-FD method is adopted to discrete one-dimensional scalar conservation laws as an example:
The computational domain is discretized by
Internal Cell domain Ω I
Coupling interface Coupling interface
Boundary Cell domain Γ B Figure 1 : Domain decomposition for one-dimensional problems.
High-order FD scheme formulation
A semi-discrete finite difference scheme for Eq. (2.1) can be written as
where the point value u i (t) approximates the exact solution u(x i ,t) at the grid point x i and f ′ i (u) is approximated by the conservative difference
A variety of different high-order finite difference schemes can be achieved via different strategies in constructing the numerical fluxes f j+ 1 2 , which is typically Lipschitz continuous function using several neighbor values u j (j = i−r,··· ,i+s) as
Actually, that approximates h(x) defined in [2] by
For an upwind finite difference method, flux splitting is carried out
In order to better facilitate the idea, in this section f ′ (u) ≥ 0 and f (u) = f + is given.
The polynomial interpolation is used where p i (x) = f (x) ≈ h(x) and satisfies
5)
to construct numerical flux f (x) at the cell interface x i+ 1 2 denoted as
where f j = f (u(x j )). For example, a 5 th -order upwind numerical flux on the stencil S = {i−2,i−1,··· ,i+2} shown in Fig. 2 (a) is obtained:
S2 S3 S (a) Internal flux stencil for 5 th -order WENO-FD method
Boundary interface
Coupling interface
Ghost Points (b) Boundary treatment stencil for 5 th upwind FD method Similarly, another numerical flux f i− 1 2 at the interface of the cell x i is given to complete the formula:
To construct the numerical fluxes at the boundary and coupling interfaces, several ghost point values are usually needed as shown in Fig. 2(b) . However if we assume the values u i (i = 1, N) and derivatives f m (u)| x=x i (m = 1,2,··· ,k−(r+s+1)) on the boundary cell are given, ghost cells are unnecessary in the construction of numerical fluxes at the boundary and coupling interfaces. Hermite polynomial interpolation can be used in which p i (x) satisfies
where the integer k denotes the approximate accuracy order of the interpolation polynomial, r+s+1 denotes the number of the cells in the stencil for Hermite interpolation. And the denotation for f at the coupling and corresponding adjacent interface is given as:
where f m i = f m (x i ) and C i m are constants dependent on △x i . As a case, the 5 th -order upwind numerical fluxes on the stencil S = {x 1 ,x 2 ,x 3 } or S = {x 1 ,x 2 ,x 3 ,x 4 } as shown in
Coupling interface 
(2.10)
Similarly, we can construct the flux f at the coupling interface near right boundary cell without ghost cells, such as f N− 1 2 , f N− 3 2 , to complete the space discretization for Eq. (2.2).
WENO and HWENO flux construction
The interpolation based on a wide stencil in order to obtain high-order accuracy in the flux reconstruction procedure oftentimes suffers from the so-called Gibbs phenomena. WENO schemes were developed by using a convex combination of all small candidate stencils instead of just one as in the original ENO idea. In this paper, we use the WENO idea to construct the flux at the interface of internal cells and propose a novel HWENO idea to reconstruct the flux at the coupling and adjacent interfaces. A fifth-order WENO-FD numerical flux f
as an example is built through a convex combination of three quadratic interpolation polynomial q k (x) (k = 1,2,3) on three different stencils denoted as Fig. 2 . Then the numerical flux is evaluated with
according to Eq. (2.6), and ω k (k=1,2,3) are nonlinear weights for stencil k which satisfies
Here, the following form of nonlinear weights in the classical fifth-order WENO-FD scheme is adopted:
where d k (k = 1,2,3) are linear weights given by
and β k is the smoothness indicator given by [2] 
Assuming the derivative information has been given by an appropriate way on the boundary cell, without ghost point values a HWENO numerical flux is built through a convex combination of three quadratic Hermite interpolation polynomial q k (x) (k=1,2,3) on three different stencils S 1 ,S 2 ,S 3 such as Fig. 3 , where q k (x) is given by Eq. (2.9). Then the numerical flux is evaluated with
where nonlinear weights ω k are given by the similar way in Eq. (2.14). However, several sets of renewed linear weights d k and smoothness indicators β k dependent on △x are given as follows.
1. For f
(2.18)
The linear weights
are computed by equal corresponding term coefficients inf 3 2 = ∑ 3 k=1 d kf (k) 3 2 and the nonlinear weights are obtained by Eq. (2.14) with the following smooth indicators
2. For f (hweno) 5 2 , 3 rd -order Hermite interpolation approximation on small stencils S k and 5 th -order approximation on stencil S are given by
(2.20)
are computed by equal corresponding term coefficients inf 5
and the nonlinear weights are obtained by Eq. (2.14) with the following smooth indicators
3. For f
, 3 rd -order Hermite interpolation approximation on small stencils S k and 5 th -order approximation on stencil S are given by
are computed by equal corresponding term coefficients inf N− 1
and the nonlinear weights are obtained by Eq. (2.14) with the following smooth indica-
The spatial discretization for Eq.
given via the same principle and f −
. As follows, the key point is to approximate the point values and derivatives on the boundary cell Γ B and formulate the numerical flux at the cell interface.
DG boundary treatment for FD
In this subsection, we will develop a way to calculate high-order point values and derivatives on the boundary cell. A finite element method based on variational principle is adopted to discrete Eq. (2.1) and obtain a polynomial approximate solution
where u l denotes the value of the l th degree of freedom, p l (x) is a polynomial basis function, and k represents the order of accuracy. We take r th -order spatial derivatives of both sides of Eq. (2.22) to obtain
where u r (x) is a (k−r) th -order approximation of ∂ r u ∂x r . In Hermite WENO interpolation or reconstruction, u r (x) is multiplied by ∆x r to get k th -order accuracy.
Here, a DG approach proposed in [25] [26] [27] [28] is an appropriate way to be used on the boundary cell which holds the beauty of compactness, locality and the ability in handling complex geometry. A local orthogonal Legendre polynomial basis
where u l b (t) are the unknown degrees of freedom and defined by
Multiplying Eq. (2.1) by the test functions {v b l (x), l = 0,1,2,··· ,k−1}, then integrating by parts over boundary cell I b and replacing u(x,t) with u h (x,t), we obtain
) is usually approximated using numerical flux denoted by f (u − ,u + ), which is a monotone flux and satisfies the Lipschitz continuity. With the appropriate choice of numerical fluxes, the above formula can be written into a semi-discrete scheme: 
as shown in Fig. 1 .
can be directly obtained from the polynomial solution provided by the DG method in boundary cell
).
(2.29)
However, it is not obvious to construct u + at the coupling interface due to that any FD type method adopted in Ω I can provide only point values rather than degrees of freedom. In other words, we have to reconstruct the degrees of freedom in the cells I j (j = 2, N −1) adjacent to coupling interface. To reduce the spurious oscillations and enhance the numerical stability in the cells near the coupling interface, the idea of HWENO interpolation is used to construct the point value u(x) at the Gauss quadrature points. For example, the following are the detailed procedures for the Gauss-Legendre quadra-
2. Identify the stencil S and divide it into three small stencils
3. Construct Hermite interpolation polynomial denoted by p (r) l (x) (r = 0,1,2), p l (x) on S r (r = 0,1,2), S, respectively, where the following interpolation conditions are satisfied:
and p
and dp l (x)
(2.33) 4. Calculate the approximate values at the Gauss-Legendre quadrature nodes, respectively. For
u(x 5 ).
(2.35) For x G 1 (G 1 = x 2 ), u(x 2 ,t n ) has been obtained as a fifth-order approximate point value at current time t n by HWENO-FD procedure.
Calculate the linear weights γ
(1)
at all the required location on the stencil S and obtain γ (1)
where all the linear weights γ (j)
6. Compute the smooth indicator β (r)
to build the nonlinear weights ω (r)
(2.39) For x G 0 , x G 2 , we have the unique smooth indicators denoted as 
, and A m are the weights of Gaussian quadrature.
In the following, the DG numerical flux at the coupling interface x 3 2 is derived bỹ 
can be obtained.
Algorithm flow chart
Finally, we briefly summarize the WENO-FD scheme based on DG boundary treatment for conservation laws.
1. Divide the mesh as Fig. 1 4. Impose the ghost state at the boundary interface for DG numerical flux. Generally, the state u = g(t) is given for inflow boundary conditions. That state can be derived by WENO extrapolation for outflow boundary conditions and omitted here. 8. Use trouble cell indicator to detect the possible discontinuities near the coupling interface and modify the interface flux to satisfyf I =f I =f dg orf hweno . Since the method is not conservative at the coupling interface with two kinds of numerical fluxes adopted. The special treatment ensures the high-order accuracy for the smooth solution and the conservation for discontinuities across the coupling interface. For the special treatment, one can refer to [22, 23] for more details.
Construct the numerical fluxesf

Form the spatial discretization
In this paper, the third-order TVD Runge-Kutta method [29] is used for temporal discretization,
△tL(u (2) ).
(2.44)
Extension to one-dimensional system
In this section, we consider the one-dimensional compressible Euler equations
with the conservative variables
and the flux
Here, ρ,u, p,E describe the density, velocity, pressure and total energy, respectively. The equation of state is given as
where γ = 1.4 for the perfect gas. The computational domain is still discretized by a=x 1 2 <x 3 2 <···<x N+ 1 2 =b, as shown in Fig. 1 . Supposing that U 2 ,··· ,U N−1 in the internal cell domain Ω I have been updated from time level t n−1 to time level t n by an efficient high-order FD type method, the degrees of freedom U l b (t n ) (b = 1, N and l = 0,··· ,k−1) in boundary cell domain Γ B are computed by k th -order DG method where the ghost state value is imposed to treat the boundary conditions. We mainly highlight the numerical flux at the coupling and adjacent interfaces. We construct the HWENO fluxF hweno First, we perform flux-splitting based on the local characteristic decomposition. The Jacobian matrix is denoted as
where average stateŪ is computed through a simple arithmetic meanŪ = (U J +U J+1 )/2 or Roe average [30] . If
where v l (x) denotes the base function for DG method. Right characteristic vectors matrix R, left characteristic vectors matrix L and eigenvalue matrix Λ are computed by
where Λ is a diagonal matrix with λ 1 =u−c, λ 2 =u, λ 3 =u+c on the diagonal. Details for these matrixes refer to [31] .
The conservative variables and fluxes on the stencil S = {S 1 ,S 2 ,S 3 } shown in Fig. 3 (a) and Fig. 3(b) are projected to the local characteristic field by
To reconstruct the fluxes at x J+ 1 2 , the Euler equations Eq. (3.1) are rewritten as
The system of equations is decoupled as three scalar ones. For each one, we adopt a simple Lax-Friedrichs scalar flux splitting (J = 1, N −1) is given bỹ
whereH denotes an approximate Riemann solver, such as HLLC flux [31] or LLF flux [26] . We derive U ± N− 1 2 as an example and omit the subscript for simplicity. U + in Γ B is easily obtained by the DG procedure
). ] need to be reconstructed. The idea of HWENO interpolation is used to get the necessary Gauss quadrature point values of the conservative variables U by Eq. (2.36). We deriveŨ l (3.8) where A q denotes the weights of the Gauss quadrature.Ũ l I (t n ) is used to replace U l b (t n ) in Eq. (3.7) to get U − . Symmetrically, we can drive the U ± 
Extension to two-dimensional system
In this section, we consider the two-dimensional compressible Euler equations
and the fluxes
Here, ρ,u,v, p and E represents the density, x-velocity, y-velocity, pressure and total energy, respectively. The equation of state is given as
Gauss quadrature points where γ = 1.4 for the perfect gas. The computational domain is divided into two separate parts including the internal domain Ω I and the boundary cell domain Γ B . Usually, the boundary cell domain Γ B is composed of only no more than two layers of mesh, such as the sample mesh shown in Fig. 7 (e) for double Mach reflection problem. We assume the point values at the cell center inside domain Ω I have been updated by the interior WENO-FD scheme and the degrees of freedom in Γ B have been given by the boundary DG scheme. The key point is still to construct the HWENO numerical flux at the interfaces such as J h 0 , J h 1 , J h 2 in Fig. 4 and DG numerical flux at the hybrid interface J h 0 . We summarize the procedure of the HWENO flux reconstruction for the two-dimensional case as follows:
1. We compute the normal derivatives of conservative variables at P B , U n (x P B ,y P B ) = (U x ,U y )· n, (4.2) where n = (0,1) is the unit normal vector of the interface, P B is the cell center of the boundary cell and U x ,U y can be derived from the solution provided by DG
where U l and v(x,y) describe the degrees of freedom and base functions in the boundary DG cell, respectively.
2. We perform a local eigen-decomposition. Firstly, we compute the Jacobian matrix of the normal flux
the right eigenvectors matrix R B (Ū) and the left eigenvectors matrix L B (Ū) = R −1 B , whereŪ is a simple arithmetic mean or Roe average of values at both sides of the interface. We project conservative variables U and the normal fluxes G(U) to the local characteristic field to obtain
3. We do the normal flux-splitting in the local characteristic field
4. We derive the derivatives of the local characteristic normal fluxes in the boundary cell for the HWENO numerical flux reconstruction
where U r n represents the r th -order normal derivative and U r n = U r y by Eq. The DG normal numerical flux at the coupling interface J h 0 can be computed bỹ
whereH is an approximate Riemann solver. In the construction of the DG flux, we need to get the values of three Gaussian quadrature points at the coupling interface in Fig. 4 . Step 2 Perform two dimensional HWENO interpolation in the stencil S through a dimension by dimension approach and get the three Gaussian quadrature point values respectively, at P J B +1/2 10 . In order to get the point values at P G 0 ,P G 1 ,P G 2 through dimension by dimension implementation, we need to obtain the point values at and divide it into three small stencils S 
U(I, j).
(4.5) (c) Compute the linear weights λ r , smoothness indicator β r and nonlinear weights ω r for each stencil S (r) j by following the procedures described in Section 2.2, here for the Gaussian quadrature point P j G 0 , we have the linear weights 
Symmetrically, U(x G 2 , j) is obtained by WENO interpolation. U(x G 1 , j) is directly calculated at current time by WENO-FD approach.
(e) Perform the HWENO interpolation along y-axis direction at the stencil
). The HWENO interpolation approach refers to that in Section 2.2.
Symmetrically, the fluxF hweno andF dg on the other hybrid interfaces can be obtained.
Numerical results
In this section, we present some numerical examples to illustrate the proposed WENO-FD method based on DG boundary treatment (FDbDG). We simulate the one and twodimensional scalar conservation laws and Euler systems to highlight high-order accuracy and robustness. The fifth-order WENO-FD method in the internal cells hybrid with the third-order DG method in the boundary cell is adopted and the fifth-order HWENO reconstruction flux is used at the coupling interface to obtain the results. The FDbDG method is denoted as FD5-HWENO5-DG3. A uniform mesh with N or N x × N y cells is used in the internal cells. The third-order TVD Runge-Kutta scheme is used as temporal discretization with CFL number taken as 0.18 through out our numerical experiments.
Accuracy test
Example 5.1. We solve one-dimensional linear advection equation
with initial conditions u(x,0) = cos(πx) and periodic boundary condition. The scheme ran up to t = 20 and the computing domain is [−1,1] and is deposited as N −2 internal cells and two other boundary cells as shown in Fig. 1 . The errors and orders of accuracy by FD5-HWENO5-DG3 are shown in Table 1 . we can see the proposed scheme achieves the designed third-order accuracy for both cases.
Example 5.2. We consider one-dimensional scalar Burgers' equation
with initial conditions u(x,0) = 0.5+0.5sin(πx) and periodic boundary condition. In this case, when t < 2 π , the solution is still smooth, and the computing time is chosen as t = 0.2. The computational domain [−1,1] is deposited as uniform mesh including N −2 internal cells for the fifth-order WENO-FD scheme and two boundary cells for the third-order DG method. The errors and orders of accuracy obtained by FD5-HWENO5-DG3 are shown in Table 2 . we can see the proposed method can achieve the designed third-order accuracy for the nonlinear cases. Table 3 . we can see the proposed method achieves the designed third order accuracy for this test case.
Example 5.4. We further test the performance of the method for solving the two-dimensional inviscid Burgers' equation Mesh with the initial conditions u(x,y,0) = 0.5sin(π(x+y))+0.25. The computing time is till 0.1. At this moment t < 2/π, the solution is still smooth. The computing domain is [−1,1]×[−1,1] which is deposited as (N x −2)×(N y −2) internal cells by WENO-FD5 method and 2N x +2N y −4 boundary cells by DG3 method. The errors and the orders of accuracy obtained by FD5-HWENO5-DG3 are shown in Table 4 . we can see the FDbDG method (FD5-HWENO5-DG3) is numerically stable and can achieve the designed thirdorder accuracy for two-dimensional nonlinear cases.
4)
u t +( 1 2 u 2 ) x +( 1 2 u 2 ) y = 0 N L ∞ error L ∞ Order
Test cases for non-smooth solutions
Example 5.5. (Burgers' equation) . We solve the inviscid Burgers' equation
with the initial conditions u(x,0)=13.3sin(πx)+17.4 and x∈ [−1,1] with periodic boundary condition imposed on the boundary. This case is introduced to test the ability to capture a strong discontinuity as adopted in [32] . We set the coupling interface at x = −0.5 and x = 0.5 and apply HWENO reconstruction in FD5-HWENO5-DG3 instead of WENO reconstruction in hybrid DG/WENO-FD. We plot the result at t = 24 when the discontinuity locates near interface in Fig. 5(b) and Fig. 5(d) . Furthermore, we adopt the designed FDbDG method (FD5-HWENO5-DG3) where DG method is only used in two boundary cells and plot the result at t=10 when the discontinuity travels into the boundary cells, as shown in Fig. 5(a) and Fig. 5(c) where coupling interface is located as Fig. 1 . We can see the designed method is comparable to the origin RKDG method and hybrid DG/WENO method.
Test cases for one-dimensional Euler system
We consider the one-dimensional Euler systems in Eq. (3.1). We perform two well-known shock tube problems which have the following Riemann-type initial conditions. with grid number N = 400. In the two cases, we set the coupling interface at x = −0.5 and x = 0.5 and apply HWENO reconstruction in FD5-HWENO5-DG3 instead of WENO reconstruction in original hybrid DG/WENO-FD to show the performance of the FDbDG method (FD5-HWENO5-DG3). Numerical results for these two examples demonstrated that both shock wave and rarefaction wave can correctly pass through the interface essentially without oscillation.
Test cases for two-dimensional Euler system
We consider the Euler systems in two dimensions shown in Eq. (4.1) with γ = 1.4 for perfect gas. Furthermore, we adopt the designed FDbDG method (FD5-HWENO5-DG3) where DG method is only used in two layers of boundary cells. The errors and the orders of accuracy obtained by FD5-HWENO5-DG3 are shown in Table 5 . We can see the FDbDG method (FD5-HWENO5-DG3) is numerically stable and can achieve the designed thirdorder accuracy for two-dimensional Euler cases. . Initially, a right-moving shock which Mach number equals to 10 is positioned at x = 1/6, y = 0 with a 60 • angle with respect to the x-axis. The FD5-HWENO5-DG3 method is adopted and the artificial interface is located at y = h, 0.0 < x < 4.0, where h denotes the space step in Γ B . The coarser sample mesh is shown at Fig. 7(e) . It should be noted that only one layer of boundary cells are treated using DG discretization in the consideration of testing the performance of FDbDG and reducing the computational cost.
The numerical results are presented in Fig. 7 with a comparison among the traditional 3 rd -order DG method, the hybrid 3 rd -order DG/WENO-FD method with 10% DG cells, and 5 th -order WENO method. The results on the mesh with different mesh size in Fig. 7 and Fig. 8 illustrate that FD5-HWENO5-DG3 method gets better resolution, compared to the traditional WENO-FD methods. In Table 6 , we note the FD5-HWENO5-DG3 method is more efficient than the traditional DG method and nearly 90% CPU time is saved in our practice. Example 5.10. (Subsonic flow past a NACA0012 airfoil). To demonstrate the flexibility in handling different geometries of the FDbDG, we present a test case with a NACA0012 airfoil in the flow field with Mach number 0.4 and attack angle 5.0 • . In the test case, almost two layers of unstructured triangle meshes are applied in the boundary domain surrounding the airfoil to handle the circular geometries. And also, the boundary domain only includes no more than two layers of background cells. Fig. 9 (a) demonstrates a sample mesh with mesh size h = 0.1 and Fig. 9(b) shows the pressure contours of the computational result by the FD5-HWENO5-DG3 approach.
Example 5.11. (Isentropic vortex convection). We present the isentropic vortex convection case for 2D Euler equations on hybrid mesh. In the test case a FD5-HWENO5-DG3 approach is adopted. The computational domain is 0 ≤ x,y ≤ 10 and the periodic boundary condition is used. The freestream flow is given by ρ ∞ =1, u ∞ =0.5, v ∞ =0, p ∞ =1 and the initial solution is a vortex specified as where γ = 1.4, b = 0.5 is the vortex strength and r = [(x−x c ) 2 +(y−y c ) 2 ] 1 2 is the distance from the vortex center (x c ,y c ) = (5,5). Fig. 10(a) demonstrates a sample mesh with mesh size h=0.2 and Fig. 10(b) shows the density contours animation from t=0 to t=40 in two periods. In Table 7 , we can see the FDbDG method (FD5-HWENO5-DG3) is numerically stable and can achieve the designed third-order accuracy. 
Conclusion
In this paper, we have developed a high-order FD method based on DG boundary treatment (FDbDG). The DG boundary treatment provides abundant derivative information in the boundary cell for high-order FD method. The HWENO interpolation and reconstruction techniques are adopted to build two types of numerical flux at the coupling interface. Furthermore, the approach is more efficient than traditional DG/WENO-FD method due to that DG domain can be further restricted on no more than two layers of boundary cells. All the boundary conditions are imposed as the ghost sate by DG method instead of a much wider stencil which contains several ghost cells for high-order FD method when uniform high-order accuracy is easily achieved. Numerical results have demonstrated the new approach can achieve the optimal order of accuracy and nearly efficient as the FD method. In the future work, we will extend the DG boundary treatment for high-order FD method to solve compressible flow with complex arbitrary geometries.
